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Abstract

The notion of a generalized Lie bialgebroid (a generalization of the notion of a Lie bialgebroid)
is introduced in such a way that a Jacobi manifold has associated a canonical generalized Lie
bialgebroid. As a kind of converse, we prove that a Jacobi structure can be defined on the base
space of a generalized Lie bialgebroid. We also show that it is possible to construct a Lie bialgebroid
from a generalized Lie bialgebroid and, as a consequence, we deduce a duality theorem. Finally,
some special classes of generalized Lie bialgebroids are considered: triangular generalized Lie
bialgebroids and generalized Lie bialgebras. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Roughly speaking, a Lie algebroid over a manifoldM is a vector bundleA overM such
that its space of sectionsΓ (A) admits a Lie algebra structure [[, ]] and, moreover, there
exists a bundle mapρ from A to TM which provides a Lie algebra homomorphism from
(Γ (A), [[ , ]]) into the Lie algebra of vector fieldsX(M) (see [24,27]). Lie algebroids are
a natural generalization of tangent bundles and real Lie algebras of finite dimension. But,
there are many other interesting examples, for instance, the cotangent bundleT ∗M of any
Poisson manifoldM possesses a natural Lie algebroid structure [1,2,7,30]. In fact, there is a
one-to-one correspondence between Lie algebroid structures on a vector bundleAand linear
Poisson structures on the dual bundleA∗ (see [2,3]). An important class of Lie algebroids
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are the so-called Lie bialgebroids. This is a Lie algebroidA such that the dual vector bundle
A∗ also carries a Lie algebroid structure which is compatible in a certain way with that onA

(see [16,25]). IfM is a Poisson manifold, then the pair(TM, T ∗M) is a Lie bialgebroid. As
a kind of converse, it was proved in [25] that the base space of a Lie bialgebroid is a Poisson
manifold. Apart from the pair(TM, T ∗M) (M being a Poisson manifold), other interesting
examples of Lie bialgebroids are Lie bialgebras [5]. A Lie bialgebra is a Lie bialgebroid such
that the base space is a single point and there is a one-to-one correspondence between Lie
bialgebras and connected simply connected Poisson Lie groups (see [5,17,23,30]). We re-
mark that a connected simply connected abelian Poisson Lie group is isomorphic to the dual
space of a real Lie algebra endowed with the usual linear Poisson structure (the Lie–Poisson
structure). Moreover, Poisson Lie groups are closely related with quantum groups (see [6]).

As it is well known, a Jacobi structure on a manifoldM is a 2-vectorΛ and a vector field
E onM such that [Λ,Λ] = 2E ∧Λ and [E,Λ] = 0, where [, ] is the Schouten–Nijenhuis
bracket [22]. If (M,Λ,E) is a Jacobi manifold one can define a bracket of functions,
the Jacobi bracket, in such a way that the spaceC∞(M,R) endowed with the Jacobi
bracket is a local Lie algebra in the sense of Kirillov [15]. Conversely, a local Lie algebra
structure onC∞(M,R) induces a Jacobi structure onM [9,15]. Jacobi manifolds are natural
generalizations of Poisson manifolds. However, very interesting manifolds like contact and
locally conformal symplectic (l.c.s.) manifolds are also Jacobi and they are not Poisson.
In fact, a Jacobi manifold admits a generalized foliation whose leaves are contact or l.c.s.
manifolds (see [4,9,15]). IfM is an arbitrary manifold, the vector bundleTM × R → M

possesses a natural Lie algebroid structure. Moreover, ifM is a Jacobi manifold then the
1-jet bundleT ∗M×R→ M admits a Lie algebroid structure [14] (for a Jacobi manifold the
vector bundleT ∗M is not, in general, a Lie algebroid). However, the pair(TM×R, T ∗M×R)
is not, in general, a Lie bialgebroid (see [31]).

On the other hand, in [12], we studied Jacobi structures on the dual bundleA∗ to a vector
bundleA such that the Jacobi bracket of linear functions is again linear and the Jacobi bracket
of a linear function and the constant function 1 is a basic function. We proved that a Lie
algebroid structure onA and a 1-cocycleφ0 ∈ Γ (A∗) induce a Jacobi structure onA∗ which
satisfies the above conditions. Moreover, we showed that this correspondence is a bijection.
We also consider two interesting examples: (i) for an arbitrary manifoldM, the Lie algebroid
A = TM × R and the 1-cocycleφ0 = (0,1) ∈ Ω1(M) × C∞(M,R) ∼= Γ (A∗), we prove
that the resultant linear Jacobi structure onT ∗M ×R is just the canonical contact structure
and (ii) for a Jacobi manifoldM, the Lie algebroidA∗ = T ∗M × R and the 1-cocycle
X0 = (−E,0) ∈ X(M) × C∞(M,R) ∼= Γ (A), we deduce that the corresponding linear
Jacobi structure(Λ(TM×R,X0), E(TM×R,X0)) onTM × R is given by

Λ(TM×R,X0) = Λc + ∂

∂t
∧ Ec − t

(
Λv + ∂

∂t
∧ Ev

)
, E(TM×R,X0) = Ev,

whereΛc (resp.Λv) is the complete (resp. vertical) lift toTM of Λ andEc (resp.Ev) is the
complete (resp. vertical) lift toTM of E. This Jacobi structure was introduced in [11] and it
is the Jacobi counterpart to the tangent Poisson structure first used in [28] (see also [3,8]).

Therefore, for a Jacobi manifoldM, it seems reasonable to consider the pair((A = TM×
R, φ0 = (0,1)), (A∗ = T ∗M×R, X0 = (−E,0))) instead of the pair(TM×R, T ∗M×R).
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In fact, we prove, in this paper, that the Lie algebroidsTM × R andT ∗M × R and the
1-cocyclesφ0 andX0 satisfy some compatibility conditions. These results suggest us to
introduce, in a natural way, the definition of a generalized Lie bialgebroid. The aim of
this paper is to discuss some relations between generalized Lie bialgebroids and Jacobi
structures.

The paper is organized as follows. In Section 2, we recall several definitions and results
about Jacobi manifolds and Lie algebroids which will be used in the sequel. In Section 3
we introduce the definition of a generalized Lie bialgebroid as a pair((A, φ0), (A

∗, X0)),
whereA is a Lie algebroid,A∗ (the dual bundle toA) is also a Lie algebroid andφ0 ∈ Γ (A∗)
(resp.X0 ∈ Γ (A)) is a 1-cocycle ofA (resp.A∗). In addition, the Lie algebroidsA, A∗ and
the 1-cocyclesφ0, X0 must satisfy some compatibility conditions. Ifφ0 andX0 are zero,
we recover the notion of a Lie bialgebroid. Moreover, if(M,Λ,E) is a Jacobi manifold,
the pair((TM × R, (0,1)),(T ∗M × R, (−E,0))) is a generalized Lie bialgebroid. In fact,
extending a result of [25] for Lie bialgebroids, we prove that the base space of a generalized
Lie bialgebroid is a Jacobi manifold (Theorem 3.7). It is well known that the product of
a Jacobi manifold withR, endowed with the Poissonization of the Jacobi structure, is a
Poisson manifold (see [22] and Section 2.2). We show a similar result for generalized Lie
bialgebroids. Namely, we prove that if((A, φ0), (A

∗, X0)) is a generalized Lie bialgebroid
overM then it is possible to define a Lie bialgebroid structure on the dual pair of vector
bundles(A×R, A∗ ×R) overM ×R, in such a way that the induced Poisson structure on
M × R is just the Poissonization of the Jacobi structure onM (Theorem 3.9). Using this
result, we deduce that the generalized Lie bialgebroids satisfy a duality theorem, that is, if
((A, φ0), (A

∗, X0)) is a generalized Lie bialgebroid, so is((A∗, X0), (A, φ0)).
In Section 4, we prove that it is possible to obtain a generalized Lie bialgebroid from

a Lie algebroid(A, [[ , ]] , ρ), a 1-cocycleφ0 on it and a bisectionP ∈ Γ (∧2A) satisfy-
ing [[P,P ]]φ0 = [[P,P ]] − 2P ∧ iφ0P = 0 (Theorem 4.1). This type of generalized Lie
bialgebroids are called triangular. Examples of triangular generalized Lie bialgebroids are
the triangular Lie bialgebroids in the sense of [25] and the generalized Lie bialgebroid
associated with a Jacobi structure. In Section 5, we study generalized Lie bialgebras, i.e.,
generalized Lie bialgebroids over a single point. Using the results of Section 4, we deduce
that generalized Lie bialgebras can be obtained from algebraic Jacobi structures on a Lie
algebra. This fact allows us to give examples of Lie groups whose Lie algebras are gen-
eralized Lie bialgebras. The study of this type of Lie groups is the subject of the paper
[13].

Finally, the paper closes with two appendices. In the first one, we show some facts about
the differential calculus on Lie algebroids in the presence of a 1-cocycle and in the second one
we obtain, from a Lie algebroidA overM and a 1-cocycleφ0 ∈ Γ (A∗), two Lie algebroid
structures on the pull-backπ∗

1A of A over the canonical projectionπ1 : M × R → M.
The notations, definitions and results in these appendices will be used throughout the paper
(particularly, in Sections 3 and 4). On the other hand, we must note that most of the results in
these appendices are a consequence of the application of standard techniques (see [10,24]).

Notation. Throughout this paper, we will use the following notation. IfM is a differen-
tiable manifold of dimensionn, we will denote byC∞(M,R) the algebra ofC∞ real-valued
functions onM, by Ωk(M) the space ofk-forms, byVk(M) the space ofk-vectors, with
k ≥ 2, byX(M) the Lie algebra of vector fields, byδ the usual differential onΩ∗(M) =
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⊕kΩ
k(M) and by [, ] the Schouten–Nijenhuis bracket [1,30]. Moreover, ifA → M is a

vector bundle overM, Γ (A) (resp.Γ (A∗)) is the space of sections ofA (resp. of the dual
bundleA∗ → M) andP ∈ Γ (∧2A) then #P : Γ (A∗) → Γ (A) is the homomorphism of
C∞(M,R)-modules defined by

β(#P (α)) = P(α, β) for α, β ∈ Γ (A∗). (1.1)

We also denote by #P : A∗ → A the corresponding bundle map.
Identifications. We will also use the following identifications. LetA → M be a vector

bundle overM. Then, it is clear thatA × R is the total space of a vector bundle overM.
Moreover, the spaceΓ (∧r (A ×R)) of the sections of the vector bundle∧r (A ×R) → M

can be identified withΓ (∧rA) ⊕ Γ (∧r−1A) in such a way that

(P,Q)((α1, f1), . . . , (αr , fr))

= P(α1, . . . , αr) +
r∑

i=1

(−1)i+1fiQ(α1, . . . , α̂i , . . . , αr) (1.2)

for (P,Q) ∈ Γ (∧rA)⊕Γ (∧r−1A)and(αi, fi) ∈ Γ (A∗)⊕C∞(M,R)with i ∈ {1, . . . , r}.
Under this identification, the contraction and the exterior product are given by

i(α,β)(P,Q) = (iαP + iβQ, (−1)kiαQ),

(P,Q) ∧ (P ′,Q′) = (P ∧ P ′,Q ∧ P ′ + (−1)rP ∧ Q′) (1.3)

for (P ′,Q′) ∈ Γ (∧r ′
A) ⊕ Γ (∧r ′−1A) and(α, β) ∈ Γ (∧kA∗) ⊕ Γ (∧k−1A∗).

2. Jacobi manifolds and Lie algebroids

2.1. Lie algebroids and Lie bialgebroids

A Lie algebroidA over a manifoldM is a vector bundleA overM together with a Lie
algebra structure on the spaceΓ (A) of the global cross-sections ofA → M and a bundle
mapρ : A → TM, called theanchor map, such that if we also denote byρ : Γ (A) → X(M)

the homomorphism ofC∞(M,R)-modules induced by the anchor map then,

1. ρ : (Γ (A), [[ , ]]) → (X(M), [, ]) is a Lie algebra homomorphism and
2. for all f ∈ C∞(M,R) and for allX, Y ∈ Γ (A), one has

[[X, fY]] = f [[X, Y ]] + (ρ(X)(f ))Y.

The triple(A, [[ , ]] , ρ) is called aLie algebroid over M(see [24,27]).
A real Lie algebra of finite dimension is a Lie algebroid over a point. Another trivial

example of a Lie algebroid is the triple(TM, [, ], Id), whereM is a differentiable manifold,
TM is its tangent bundle andId : TM → TM is the identity map.

If A is a Lie algebroid, the Lie bracket onΓ (A) can be extended to the so-calledSchouten
bracket[[ , ]] on the spaceΓ (∧∗A) = ⊕kΓ (∧kA) of multi-sections ofA in such a way that
(⊕kΓ (∧kA),∧, [[ , ]]) is a graded Lie algebra (see [30]).
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On the other hand, imitating the usual differential on the spaceΩ∗(M), we define the
differential of the Lie algebroidA, d : Γ (∧kA∗) → Γ (∧k+1A∗), as follows. Forω ∈
Γ (∧kA∗) andX0, . . . , Xk ∈ Γ (A),

dω(X0, . . . , Xk) =
k∑

i=0

(−1)iρ(Xi)(ω(X0, . . . , X̂i , . . . , Xk))

+
∑
i<j

(−1)i+jω([[Xi,Xj ]] , X0, . . . , X̂i , . . . , X̂j , . . . , Xk).

Moreover, since d2 = 0, we have the corresponding cohomology spaces. This cohomology
is theLie algebroid cohomology with trivial coefficients(see [24]).

Using the above definitions, it follows that a 1-cochainφ ∈ Γ (A∗) is a 1-cocycle if and
only if

φ[[X, Y ]] = ρ(X)(φ(Y )) − ρ(Y )(φ(X)) for allX, Y ∈ Γ (A). (2.1)

On the other hand, recall that aLie bialgebroid[25] (see also [16]) is a dual pair(A,A∗) of
vector bundles equipped with Lie algebroid structures([[ , ]] , ρ) and([[ , ]]∗, ρ∗), respectively,
such that the differential d∗ of A∗ satisfies

d∗[[X, Y ]] = [[X,d∗Y ]] − [[Y,d∗X]] for X, Y ∈ Γ (A).

An interesting example is the following. If(M,Λ) is a Poisson manifold then(T ∗M, [[ , ]]Λ,

#Λ) is a Lie algebroid, where [[, ]]Λ is the bracket of 1-forms defined by (see [1,2,7,30])

[[ , ]]Λ : Ω1(M) × Ω1(M) → Ω1(M),

[[α, β]]Λ = L#Λ(α)β − L#Λ(β)α − δ(Λ(α, β)). (2.2)

Note that, for this algebroid, the differential is the operator d∗ = −[Λ, ·], which was
introduced by Lichnerowicz in [21] to define the Poisson cohomology. Moreover, if onTM
we consider the trivial Lie algebroid structure, the pair(TM, T ∗M) is a Lie bialgebroid (see
[25]).

2.2. Jacobi manifolds

A Jacobi structureonM is a pair(Λ,E), whereΛ is a 2-vector andE is a vector field
onM satisfying the following properties:

[Λ,Λ] = 2E ∧ Λ, [E,Λ] = 0. (2.3)

The manifoldM endowed with a Jacobi structure is called aJacobi manifold. A bracket of
functions (theJacobi bracket) is defined by

{f, g} = Λ(δf, δg) + fE(g) − gE(f )

for all f, g ∈ C∞(M,R). In fact, the spaceC∞(M,R) endowed with the Jacobi bracket is a
local Lie algebrain the sense of Kirillov (see [15]), that is, the mapping{, } : C∞(M,R)×
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C∞(M,R) → C∞(M,R) isR-bilinear, skew-symmetric, satisfies the Jacobi identity and
is a first-order differential operator on each of its arguments, with respect to the ordinary
multiplication of functions, i.e.,

{f1f2, g} = f1{f2, g} + f2{f1, g} − f1f2{1, g} for f1, f2, g ∈ C∞(M,R).

Conversely, a structure of local Lie algebra onC∞(M,R) defines a Jacobi structure onM
(see [9,15]). Note that if the vector fieldE identically vanishes then(M,Λ) is a Poisson
manifold. Jacobi and Poisson manifolds were introduced by Lichnerowicz [21,22] (see also
[1,4,20,30,32]).

Remark 2.1. Let (Λ,E) be a Jacobi structure on a manifoldM and consider on the product
manifoldM × R the 2-vectorΛ̃ given by

Λ̃ = e−t

(
Λ + ∂

∂t
∧ E

)
,

wheret is the usual coordinate onR. Then,Λ̃ defines a Poisson structure onM × R (see
[22]). The manifoldM × R endowed with the structurẽΛ is called thePoissonization of
the Jacobi manifold(M,Λ,E).

If M is a differentiable manifold then the triple(TM×R, [, ], π) is a Lie algebroid over
M, whereπ : TM×R→ TM is the canonical projection over the first factor and [, ] is the
bracket given by (see [24,26])

[(X, f ), (Y, g)] = ([X, Y ], X(g) − Y (f )) (2.4)

for (X, f ), (Y, g) ∈ X(M) × C∞(M,R) ∼= Γ (TM × R). In this case, the dual bundle to
TM×R isT ∗M×R and the spacesΓ (∧k(TM×R)) andΓ (∧r (T ∗M×R)) can be identified
with Vk(M) ⊕ Vk−1(M) andΩr(M) ⊕ Ωr−1(M) (see (1.2)). Under these identifications,
the differentialδ̃ and the Schouten bracket [, ] of this Lie algebroid are

δ̃(α, β) = (δα,−δβ), (2.5)

[(P,Q), (P ′,Q′)] = ([P,P ′], (−1)k+1[P,Q′] − [Q,P ′]) (2.6)

for (α, β) ∈ Ωr(M)⊕Ωr−1(M), (P,Q) ∈ Vk(M)⊕Vk−1(M) and(P ′,Q′) ∈ Vk′
(M)⊕

Vk′−1(M).
On the other hand, a Jacobi manifold(M,Λ,E) has an associated Lie algebroid(T ∗M×
R, [[ , ]] (Λ,E), #̃(Λ,E)), where [[, ]] (Λ,E), #̃(Λ,E) are defined by

[[(α, f ), (β, g)]] (Λ,E) = (L#Λ(α)β − L#Λ(β)α − δ(Λ(α, β)) + fLEβ − gLEα

−iE(α ∧ β),Λ(β, α) + #Λ(α)(g) − #Λ(β)(f )

+fE(g) − gE(f )), (2.7)

#̃(Λ,E)(α, f ) = #Λ(α) + fE
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for (α, f ), (β, g) ∈ Ω1(M) × C∞(M,R), L being the Lie derivative operator (see [14]).
If d∗ is the differential of this algebroid and(P,Q) ∈ Vk(M) ⊕ Vk−1(M), we have (see
[18,19])

d∗(P,Q) = (−[Λ,P ] + kE∧ P + Λ ∧ Q, [Λ,Q] − (k − 1)E ∧ Q + [E,P ]).

(2.8)

Remark 2.2. If (M,Λ,E) is a Jacobi manifold and onTM × R (resp.T ∗M × R) we
consider the Lie algebroid structure([, ], π) (resp.([[ , ]] (Λ,E), #̃(Λ,E))) then the pair(TM×
R, T ∗M × R) is not, in general, a Lie bialgebroid (see [31]).

3. Generalized Lie bialgebroids

Let A be a vector bundle overM andA∗ the dual bundle toA. Suppose that([[ , ]] , ρ)
(resp. ([[ , ]]∗, ρ∗)) is a Lie algebroid structure onA (resp.A∗) and thatφ0 ∈ Γ (A∗)
(resp.X0 ∈ Γ (A)) is a 1-cocycle in the corresponding Lie algebroid cohomology complex
with trivial coefficients. Then, we will use the following notation (see Appendix A):

• d (resp. d∗) is the differential of(A, [[ , ]] , ρ) (resp.(A∗, [[ , ]]∗, ρ∗)).
• dφ0 (resp. d∗X0) is theφ0-differential (resp.X0-differential) ofA (resp.A∗).
• L (resp.L∗) is the Lie derivative ofA (resp.A∗).
• Lφ0 (resp.L∗X0) is theφ0-Lie derivative (resp.X0-Lie derivative).
• [[ , ]]φ0 (resp. [[, ]]∗X0) is the φ0-Schouten bracket (resp.X0-Schouten bracket) on

(A, [[ , ]] , ρ) (resp.(A∗, [[ , ]]∗, ρ∗)).
• ρφ0 (resp.ρ∗X0) is the representation ofA (resp.A∗) on the trivial vector bundleM×R→

M given by (A.1).
• (ρ, φ0) : Γ (A) → X(M)×C∞(M,R) (resp.(ρ∗, X0) : Γ (A∗) → X(M)×C∞(M,R))

is the homomorphism ofC∞(M,R)-modules given by (A.7) and(ρ, φ0)
∗ : Ω1(M) ×

C∞(M,R) → Γ (A∗) (resp.(ρ∗, X0)
∗ : Ω1(M) × C∞(M,R) → Γ (A)) is the adjoint

operator of(ρ, φ0) (resp.(ρ∗, X0)).

3.1. Generalized Lie bialgebroids and Jacobi structures on the base space

Suppose thatM is a differentiable manifold and let([, ], π) be the Lie algebroid structure
on the vector bundleTM × R→ M. As we know (see Appendix A), the 1-cochainφ0 =
(0,1) ∈ Ω1(M) × C∞(M,R) ∼= Γ (T ∗M × R) is a 1-cocycle. Thus, we can consider the
φ0-Lie derivativeLφ0 = L(0,1) and theφ0-Schouten bracket [, ]φ0 = [, ](0,1).

Now, assume that(Λ,E) is a Jacobi structure onM and denote by([[ , ]] (Λ,E), #̃(Λ,E)) the
Lie algebroid structure onT ∗M ×R→ M and by d∗ the differential of this Lie algebroid.
From (2.3) and (2.8), it follows thatX0 = (−E,0) ∈ X(M) × C∞(M,R) ∼= Γ (TM × R)
is a 1-cocycle.

Using (1.3), (2.6), (2.8), (A.2) and (A.9), we also have that theX0-differential d∗X0 =
d∗(−E,0) of the Lie algebroid(T ∗M × R, [[ , ]] (Λ,E), #̃(Λ,E)) is given by

d∗(−E,0)(P ,Q) = −[(Λ,E), (P,Q)](0,1) (3.1)
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for (P,Q) ∈ Vk(M) ⊕ Vk−1(M). Note that d∗(−E,0) is just the cohomology operator of
the 1-differentiable Chevalley–Eilenberg cohomology complex of M(see [9,22]). Moreover,
compare Eq. (3.1) with the expression of the differential of the Lie algebroid associated
with a Poisson manifold (see Section 2.1).

For the above Lie algebroids and 1-cocycles, we deduce

Proposition 3.1.

1. If (X, f ), (Y, g) ∈ X(M) × C∞(M,R) ∼= Γ (TM × R), then

d∗(−E,0)[(X, f ), (Y, g)] = [(X, f ),d∗(−E,0)(Y, g)](0,1)

−[(Y, g),d∗(−E,0)(X, f )](0,1).

2. If L∗ denotes the Lie derivative on the Lie algebroid(T ∗M ×R, [[ , ]] (Λ,E), #̃(Λ,E)) and
(P,Q) ∈ Vk(M) ⊕ Vk−1(M) ∼= Γ (∧k(TM × R)), then

(L∗(−E,0))(0,1)(P ,Q) + (L(0,1))(−E,0)(P ,Q) = 0.

Proof.

1. It follows from (3.1), (A.11) and (A.14).
2. Using (1.3), (2.6), (3.1), (A.3), (A.9) and (A.15), we have that

(L∗(−E,0))(0,1)(P ,Q) + (L(0,1))(−E,0)(P ,Q)

= d∗(−E,0)(Q,0) + i(0,1)(−[Λ,P ] + (k − 1)E ∧ P + Λ ∧ Q, [Λ,Q]

−(k − 2)E ∧ Q + [E,P ]) − ([E,P ], [E,Q]) = 0. �

Now, let (A, [[ , ]] , ρ) be a Lie algebroid andφ0 ∈ Γ (A∗) a 1-cocycle. Assume also that
the dual bundleA∗ admits a Lie algebroid structure([[ , ]]∗, ρ∗) and thatX0 ∈ Γ (A) is a
1-cocycle.

Suggested by Proposition 3.1, we introduce the following definition.

Definition 3.2. The pair((A, φ0), (A
∗, X0)) is said to be a generalized Lie bialgebroid

overM if for all X, Y ∈ Γ (A) andP ∈ Γ (∧kA)

d∗X0[[X, Y ]] = [[X,d∗X0Y ]]φ0 − [[Y,d∗X0X]]φ0, (3.2)

(L∗X0)φ0P + (Lφ0)X0P = 0. (3.3)

Using (A.1), (A.4), (A.10), (A.12) and (A.15), we obtain that (3.3) holds if and only if

φ0(X0) = 0, ρ(X0) = −ρ∗(φ0), (3.4)

(L∗)φ0X + [[X0, X]] = 0 for X ∈ Γ (A). (3.5)

Note that (3.4) and (3.5) follow applying (3.3) toP = f ∈ C∞(M,R) = Γ (∧0A) and
P = X ∈ Γ (A).
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Example 3.3.

1. In the particular case whenφ0 = 0 andX0 = 0, (3.2) and (3.3) are equivalent to
the condition d∗[[X, Y ]] = [[X,d∗Y ]] − [[Y,d∗X]]. Thus, the pair((A,0), (A∗,0)) is a
generalized Lie bialgebroid if and only if the pair(A,A∗) is a Lie bialgebroid.

2. Let (M,Λ,E) be a Jacobi manifold. From Proposition 3.1, we deduce that the pair
((TM × R, (0,1)), (T ∗M × R, (−E,0))) is a generalized Lie bialgebroid.

Next, we will show that if((A, φ0), (A
∗, X0)) is a generalized Lie bialgebroid overM, then

M carries an induced Jacobi structure. First, we will prove some results.

Proposition 3.4. Let ((A, φ0), (A
∗, X0)) be a generalized Lie bialgebroid. Then,

(L∗X0)dφ0f
X = [[X,d∗X0f ]] (3.6)

for X ∈ Γ (A) andf ∈ C∞(M,R).

Proof. Using (A.2) and the derivation law on Lie algebroids, we obtain that

d∗X0([[X, fY]]) = (d∗X0f ) ∧ [[X, Y ]] + f d∗X0[[X, Y ]] − fX0 ∧ [[X, Y ]]

+d∗X0(ρ(X)(f )) ∧ Y + ρ(X)(f )d∗X0Y − ρ(X)(f )X0 ∧ Y

for X, Y ∈ Γ (A) andf ∈ C∞(M,R).
On the other hand, from (3.2), (A.2), (A.12) and (A.15), we deduce that

d∗X0([[X, fY]]) = (Lφ0)X(d∗X0(fY)) − (Lφ0)fY(d∗X0(X))

= ((Lφ0)X(d∗X0f )) ∧ Y + (d∗X0f ) ∧ (Lφ0)XY

−φ0(X)(d∗X0f ) ∧ Y + f (Lφ0)X(d∗X0Y ) + ρ(X)(f )d∗X0Y

−f ((Lφ0)XX0 ∧ Y + X0 ∧ (Lφ0)XY − φ0(X)X0 ∧ Y )

−ρ(X)(f )X0 ∧ Y − f (Lφ0)Y (d∗X0X) − idf (d∗X0X) ∧ Y.

Thus, using again (3.2), it follows that

d∗X0(ρ(X)(f )) ∧ Y = ((Lφ0)Xd∗X0f − φ0(X)d∗X0f − f (Lφ0)XX0

+f φ0(X)X0 − idf (d∗X0X)) ∧ Y,

and so

d∗X0(ρ(X)(f )) − (Lφ0)Xd∗X0f + φ0(X)d∗X0f + f (Lφ0)XX0

− f φ0(X)X0 + idf (d∗X0X) = 0,

which, by (3.5), (A.2) and (A.3), implies (3.6). �

Corollary 3.5. Under the same hypothesis as in Proposition3.4,for all f, g ∈ C∞(M,R)

we have

[[d∗X0g,d∗X0f ]] = d∗X0(dφ0f · d∗X0g).



D. Iglesias, J.C. Marrero / Journal of Geometry and Physics 40 (2001) 176–199 185

Proof. From (A.3), Proposition 3.4 and since d2
∗X0

= 0, we deduce that

[[d∗X0g,d∗X0f ]] = (L∗X0)dφ0f
(d∗X0g) = d∗X0(dφ0f · d∗X0g). �

Remark 3.6. Using (A.6)–(A.8), it follows that

dφ0f · d∗X0g = δ̃(0,1)f · ((ρ, φ0) ◦ (ρ∗, X0)
∗)(δ̃(0,1)g)

= π(0,1)(((ρ, φ0) ◦ (ρ∗, X0)
∗)(δ̃(0,1)g), f ),

whereπ(0,1) is the representation of the Lie algebroid(TM×R, [, ], π) on the vector bundle
M × R→ M given by (A.5).

Now, we will prove the main result of this section.

Theorem 3.7. Let ((A, φ0), (A
∗, X0)) be a generalized Lie bialgebroid. Then, the bracket

of functions{, } : C∞(M,R) × C∞(M,R) → C∞(M,R) given by

{f, g} := dφ0f · d∗X0g for f, g ∈ C∞(M,R),

defines a Jacobi structure on M.

Proof. First of all, we need to prove that{, } is skew-symmetric. Using (3.4), (A.2) and
(A.8), we have that

{f, f } = df · d∗f = (((ρ, φ0) ◦ (ρ∗, X0)
∗)(δf,0)) · (δf,0). (3.7)

On the other hand, from (3.7) and Corollary 3.5, it follows that d∗X0(((ρ, φ0) ◦ (ρ∗, X0)
∗)

(δf 2,0) · (δf 2,0)) = 0. Then (see (A.2))

0= (((ρ, φ0) ◦ (ρ∗, X0)
∗)(δf,0) · (δf,0))(d∗X0f

2 − f 2X0)

= 2f (((ρ, φ0) ◦ (ρ∗, X0)
∗)(δf,0) · (δf,0))d∗f. (3.8)

Thus, using (3.8) and (A.8), we deduce thatf (((ρ, φ0) ◦ (ρ∗, X0)
∗)(δf,0) · (δf,0))2 = 0

for all f ∈ C∞(M,R). This implies that

(((ρ, φ0) ◦ (ρ∗, X0)
∗)(δf,0)) · (δf,0) = 0,

and, therefore, we conclude that{f, f } = 0 (see (3.7)) for allf ∈ C∞(M,R), that is,{, }
is skew-symmetric.

Using (A.2) and since dφ01 = φ0, we deduce that{, } is a first-order differential operator
on each of its arguments.

Now, let us prove the Jacobi identity. From Corollary 3.5, we have

dφ0h · [[d∗X0g,d∗X0f ]] = dφ0h · d∗X0({f, g}) = {h, {f, g}}.
Thus, using (A.8) and the fact that(ρ, φ0) is a Lie algebroid homomorphism, we deduce

π(0,1)([((ρ, φ0) ◦ (ρ∗, X0)
∗)(δ̃(0,1)(g)), ((ρ, φ0) ◦ (ρ∗, X0)

∗)(δ̃(0,1)(f ))], h)

= {h, {f, g}}.
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Consequently, sinceπ(0,1) is a representation of the Lie algebroid(TM ×R, [, ], π) on the
vector bundleM × R→ M, this implies that (see Remark 3.6)

{f, {g, h}} + {g, {h, f }} + {h, {f, g}} = 0. �

From (3.4) and (A.2), we have that

{f, g} = df · d∗g − fρ(X0)(g) + gρ(X0)(f ) (3.9)

for f, g ∈ C∞(M,R). Since the differential d is a derivation with respect to the ordinary
multiplication of functions we have that the map(f, g) �→ df ·d∗g, for f, g ∈ C∞(M,R),
is also a derivation on each of its arguments. Thus, we can define the 2-vectorΛ ∈ V2(M)

characterized by the relation,

Λ(δf, δg) = df · d∗g = −dg · d∗f (3.10)

for f, g ∈ C∞(M,R), and the vector fieldE ∈ X(M) by

E = −ρ(X0) = ρ∗(φ0). (3.11)

From (3.9), we obtain that{f, g} = Λ(δf, δg) + fE(g) − gE(f ) for f, g ∈ C∞(M,R).
Therefore, the pair(Λ,E) is the Jacobi structure induced by the Jacobi bracket{, }.

If (A,A∗) is a Lie bialgebroid, then the pair((A,0), (A∗,0)) is a generalized Lie bialge-
broid and, by Theorem 3.7, a Jacobi structure(Λ,E) can be defined on the base spaceM.
Sinceφ0 = X0 = 0, we deduce thatE = 0, that is, the Jacobi structure is Poisson, which
implies a well-known result (see [25]): given a Lie bialgebroid(A,A∗) overM, the base
spaceM carries an induced Poisson structure.

3.2. Lie bialgebroids and generalized Lie bialgebroids

In this section, we will show a relation between generalized Lie bialgebroids and Lie
bialgebroids. For this purpose, we will use the notations and results contained in Appendix B.

Firstly, suppose thatA1 andA2 are two Lie algebroids onM such that the dual bundles
A∗

1 andA∗
2 are also Lie algebroids. Then, a direct computation shows the following result.

Lemma 3.8. LetΦ : A1 → A2 be a Lie algebroid isomorphism over the identity such that
its adjoint homomorphismΦ∗ : A∗

2 → A∗
1 is also a Lie algebroid isomorphism. If(A1, A

∗
1)

is a Lie bialgebroid, so is(A2, A
∗
2).

Next, assume that(M,Λ,E) is a Jacobi manifold. Consider onA = TM × R and on
A∗ = T ∗M ×R the Lie algebroid structures([, ], π) and([[ , ]] (Λ,E), #̃(Λ,E)), respectively.
Then, the pair((A, φ0 = (0,1)), (A∗, X0 = (−E,0))) is a generalized Lie bialgebroid.

Now, the mapΦ : Ã = A × R → T (M × R) defined byΦ((vx0, λ0), t0) = vx0 +
λ0(∂/∂t)|t0, for x0 ∈ M, vx0 ∈ Tx0M andλ0, t0 ∈ R, induces an isomorphism between
the vector bundlesA × R → M × R andT (M × R) → M × R. Thus,Ã = A × R
can be identified withT (M ×R) and, under this identification, the Lie algebroid structure
([, ]˜

φ0
, π̃φ0) (see (B.1)) is just the trivial Lie algebroid structure onT (M × R).



D. Iglesias, J.C. Marrero / Journal of Geometry and Physics 40 (2001) 176–199 187

The pair([[ , ]] (Λ,E), #̃(Λ,E))and the 1-cocycleX0 = (−E,0)allow us to introduce the Lie

algebroid structure([[ , ]]ˆX0
(Λ,E),

˜̂#(Λ,E)
X0) (see (B.2)) on the vector bundlẽA∗ = A∗ ×R→

M × R. A long computation, using (2.2), (2.7) and (B.2), shows that

[[(α̃, f̃ ), (β̃, g̃)]]ˆX0
(Λ,E) = [[Φ∗(α̃+f̃ dt), Φ∗(β̃+g̃ dt)]]ˆX0

(Λ,E) = [[ α̃+f̃ dt, β̃+g̃ dt ]] Λ̃,

˜̂#(Λ,E)
X0(α̃, f̃ ) = ˜̂#(Λ,E)

X0(Φ∗(α̃ + f̃ dt)) = #Λ̃(α̃ + f̃ dt)

for α̃, β̃ time-dependent 1-forms onM andf̃ , g̃ ∈ C∞(M × R,R), whereΛ̃ is the Pois-
sonization of the Jacobi structure(Λ,E) andΦ∗ : T ∗(M × R) → Ã∗ = A∗ × R is the
adjoint isomorphism ofΦ.

Therefore,Ã∗ = A∗ × R can be identified withT ∗(M × R) and, under this identifi-

cation, the Lie algebroid structure([[ , ]]X0
(Λ,E),

˜̂#(Λ,E)
X0) is just the Lie algebroid structure

([[ , ]] Λ̃,#Λ̃) onT ∗(M × R). Consequently, using Lemma 3.8, we deduce that, for this par-
ticular case, the pair(Ã, Ã∗) is a Lie bialgebroid, when we consider oñA andÃ∗ the Lie

algebroid structures([, ]˜φ0, π̃φ0) and([[ , ]]ˆX0
(Λ,E),

˜̂#(Λ,E)
X0), respectively.

In this section, we generalize the above result for an arbitrary generalized Lie bialgebroid.
In fact, we prove the following theorem.

Theorem 3.9. Let ((A, φ0), (A
∗, X0)) be a generalized Lie bialgebroid and(Λ,E) the

induced Jacobi structure over M. Consider onÃ = A × R (resp.Ã∗ = A∗ × R) the Lie

algebroid structure([[ , ]]˜φ0, ρ̃φ0) (resp.([[ , ]]ˆX0∗ , ρ̂∗X0)). Then,

1. The pair(Ã, Ã∗) is a Lie bialgebroid overM × R.
2. If Λ̃ is the induced Poisson structure onM×R thenΛ̃ is the Poissonization of the Jacobi

structure(Λ,E).

Proof. Denote bỹd (resp.̃d∗, d̃φ0 andd̂∗
X0) the differential of the Lie algebroid(Ã, [[ , ]]˜, ρ̃)

(resp.(Ã∗, [[ , ]] ∗̃, ρ̃∗), (Ã, [[ , ]]˜φ0, ρ̃φ0) and(Ã∗, [[ , ]]ˆX0∗ , ρ̂∗X0)).

1. If X̃, Ỹ ∈ Γ (Ã) then, using (A.2), (B.1) and (B.4) and the properties of the derivative
with respect to the time of a time-dependent multisection, it follows that

d̂∗
X0[[X̃, Ỹ ]]˜φ0 = e−t

d̃∗X0[[X̃, Ỹ ]]˜ + X0 ∧
[[

∂X̃

∂t
, Ỹ

]]˜
+ X0 ∧

[[
X̃,

∂Ỹ

∂t

]]˜

+φ0(X̃)
∂

∂t
(d̃∗X0Ỹ ) − φ0(Ỹ )

∂

∂t
(d̃∗X0X̃) − φ0(X̃)X0

∧∂Ỹ

∂t
+ φ0(Ỹ )X0 ∧ ∂X̃

∂t
+ φ0(X̃)X0 ∧ ∂2Ỹ

∂t2
− φ0(Ỹ )X0

∧∂2X̃

∂t2
+ ∂

∂t
(φ0(X̃))X0 ∧ ∂Ỹ

∂t
− ∂

∂t
(φ0(Ỹ ))X0 ∧ ∂X̃

∂t

+d̃∗X0(φ0(X̃)) ∧ ∂Ỹ

∂t
− d̃∗X0(φ0(Ỹ )) ∧ ∂X̃

∂t

 .
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On the other hand, using (3.4), (A.10), (A.12), (B.4) and (B.5) and the fact that
(∂/∂t)(φ0(Z̃)) = φ0(∂Z̃/∂t) for Z̃ ∈ Γ (Ã), we have that

[[X̃, d̂∗
X0

Ỹ ]]˜φ0 = e−t

[[X̃, d̃∗X0Ỹ ]]˜φ0
+ [[X̃,X0]]˜ ∧ ∂Ỹ

∂t
+ X0 ∧

[[
X̃,

∂Ỹ

∂t

]]˜

−φ0(X̃)X0 ∧ ∂Ỹ

∂t
+ φ0(X̃)

∂

∂t
(d̃∗X0Ỹ ) + φ0(X̃)X0

∧∂2Ỹ

∂t2
− ∂X̃

∂t
∧ iφ0(d̃∗X0Ỹ ) + ∂

∂t
(φ0(Ỹ ))

∂X̃

∂t
∧ X0

 .

Finally, from (3.2) and (3.5), we deduce that

d̂∗
X0[[X̃, Ỹ ]]˜φ0 = [[X̃, d̂∗

X0
Ỹ ]]˜φ0 − [[ Ỹ , d̂∗

X0
X̃]]˜φ0.

2. If f̃ , g̃ ∈ C∞(M ×R,R) then, using (3.4), (B.3) and (B.4) and Theorem 3.7, we obtain
that

Λ̃(δf̃ , δg̃) = d̃φ0f̃ · d̂∗
X0

g̃ = e−t

(
d̃f̃ · d̃∗g̃ − ∂f̃

∂t
ρ(X0)(g̃) + ∂g̃

∂t
ρ(X0)(f̃ )

)
.

On the other hand, from (3.10) and (3.11), we conclude that e−t (Λ+ (∂/∂t)∧E) = Λ̃,
that is,Λ̃ is the Poissonization of(Λ,E). �

Now, we discuss a converse of Theorem 3.9.

Theorem 3.10. Let (A, [[ , ]] , ρ) be a Lie algebroid andφ0 ∈ Γ (A∗) a 1-cocycle. Suppose
that ([[ , ]]∗, ρ∗) is a Lie algebroid structure onA∗ and thatX0 ∈ Γ (A) is a 1-cocycle.
Consider onÃ = A × R (resp.Ã∗ = A∗ × R) the Lie algebroid structure([[ , ]]˜φ0, ρ̃φ0)

(resp.([[ , ]]ˆX0∗ , ρ̂∗X0)). If (Ã, Ã∗) is a Lie bialgebroid then the pair((A, φ0), (A
∗, X0)) is

a generalized Lie bialgebroid.

Proof. Let {, }̃ be the induced Poisson bracket onM ×R. Then, from (B.3) and (B.4) and
Theorem 3.7, it follows that

{f̃ , g̃}̃ = e−t

(
d̃f̃ · d̃∗g̃ + ∂g̃

∂t
ρ(X0)(f̃ ) + ∂f̃

∂t
ρ∗(φ0)(g̃) + ∂g̃

∂t

∂f̃

∂t
φ0(X0)

)

for f̃ , g̃ ∈ C∞(M × R,R). Since{, }̃ is skew-symmetric, we have that{t, t }̃ = 0 which
implies thatφ0(X0) = 0. Moreover, iff ∈ C∞(M,R) then, using that{f, t }̃ = −{t, f }̃ ,
we conclude thatρ(X0) = −ρ∗(φ0).

Now, from (B.1), (B.4) and (B.5) and sincêd∗
X0[[X, Y ]]˜φ0 = [[X, d̂∗

X0
Y ]]˜φ0

− [[Y, d̂∗
X0

X]]˜φ0, we deduce (3.2).
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Finally, if X ∈ Γ (A) then, using the computations in the proof of Theorem 3.9 and the
fact that

d̂∗
X0[[X,et Y ]]˜φ0 = [[X, d̂∗

X0
(et Y )]]˜φ0 − [[et Y, d̂∗

X0
X]]˜φ0

for all Y ∈ Γ (A), we prove that([[X0, X]] + (L∗)φ0X) ∧ Y = 0. But this implies that

[[X0, X]] + (L∗)φ0X = 0. �

In [25] it was proved that if the pair(A,A∗) is a Lie bialgebroid then the pair(A∗, A)

is also a Lie bialgebroid. Using this fact, Lemma 3.8, Theorems 3.9 and 3.10 and since the
Lie algebroids(Ã, [[ , ]]˜φ0, ρ̃φ0) and(Ã, [[ , ]]ˆφ0, ρ̂φ0) are isomorphic (see Appendix B), we
conclude that a similar result holds for generalized Lie bialgebroids.

Theorem 3.11. If ((A, φ0), (A
∗, X0)) is a generalized Lie bialgebroid, so is((A∗, X0),

(A, φ0)).

4. Triangular generalized Lie bialgebroids

Let M be a differentiable manifold and([, ], π) be the Lie algebroid structure onTM ×
R → M. Then, the sectionφ0 = (0,1) ∈ Ω1(M) × C∞(M,R) ∼= Γ (T ∗M × R) is a
1-cocycle. Denote bỹδ andL (resp.δ̃(0,1) andL(0,1)) the differential and the Lie derivative
(resp. theφ0-differential and theφ0-Lie derivative) of the Lie algebroid(TM × R, [, ], π)

and by [, ](0,1) theφ0-Schouten bracket (see Section 2.2 and Appendix A).
Suppose that(Λ,E) ∈ V2(M)⊕X(M) ∼= Γ (∧2(TM×R)). From (2.3), (2.6) and (A.9),

we have that

(Λ,E) is a Jacobi structure onM ⇔ [(Λ,E), (Λ,E)](0,1) = 0. (4.1)

Moreover, if(Λ,E) is a Jacobi structure onM and([[ , ]] (Λ,E), #̃(Λ,E)) is the Lie algebroid
structure onT ∗M×R then a long computation, using (1.2), (1.3) (A.3) and (A.6), shows that
the Lie bracket [[, ]] (Λ,E) and the anchor map̃#(Λ,E) can be written using the homomorphism
#(Λ,E) : Ω1(M) × C∞(M,R) ∼= Γ (T ∗M × R) → X(M) × C∞(M,R) ∼= Γ (TM × R)
and the operatorsL(0,1) andδ̃(0,1) as follows:

[[(α, f ), (β, g)]] (Λ,E) = (L(0,1))#(Λ,E)(α,f )(β, g) − (L(0,1))#(Λ,E)(β,g)(α, f )

−δ̃(0,1)((Λ,E)((α, f ), (β, g)))

= i#(Λ,E)(α,f )(δ̃(0,1)(β, g)) − i#(Λ,E)(β,g)(δ̃(0,1)(α, f ))

+δ̃(0,1)((Λ,E)((α, f ), (β, g))), (4.2)

#̃(Λ,E) = π ◦ #(Λ,E).

Compare Eq. (2.2) with the above expression of the Lie algebroid bracket [[, ]] (Λ,E).
Now, let(A, [[ , ]] , ρ) be a Lie algebroid overM andφ0 ∈ Γ (A∗) a 1-cocycle. Moreover,

let P ∈ Γ (∧2A) be a bisection satisfying

[[P,P ]]φ0 = 0.
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We shall discuss what happens on the dual bundleA∗ → M. Eq. (4.2) suggests us to
introduce the bracket [[, ]]∗P onΓ (A∗) defined by

[[φ,ψ ]]∗P = (Lφ0)#P (φ)ψ − (Lφ0)#P (ψ)φ − dφ0(P (φ,ψ))

= i#P (φ)dφ0ψ − i#P (ψ)dφ0φ + dφ0(P (φ,ψ)) (4.3)

for φ,ψ ∈ Γ (A∗).

Theorem 4.1. Let (A, [[ , ]] , ρ) be a Lie algebroid over M, φ0 ∈ Γ (A∗) a 1-cocycle and
P ∈ Γ (∧2A) a bisection ofA → M satisfying[[P,P ]]φ0 = 0. Then,

1. The dual bundleA∗ → M together with the bracket defined in(4.3)and the bundle map
ρ∗P = ρ ◦ #P : A∗ → TM is a Lie algebroid.

2. X0 = −#P (φ0) ∈ Γ (A) is a 1-cocycle.
3. The pair((A, φ0), (A

∗, X0)) is a generalized Lie bialgebroid.

Proof. If we consider the Lie algebroid structure([[ , ]]˜φ0, ρ̃φ0) on Ã = A × R→ M × R
and the bisectioñP = e−tP ∈ Γ (∧2Ã) then, from (B.1) and (B.3) and Theorem A.3, it
follows that [[P̃ , P̃ ]]˜φ0 = 0. Thus, using the results of Mackenzie and Xu [25], we deduce
that the vector bundlẽA∗ → M × R admits a Lie algebroid structure([[ , ]]¯, ρ̄), where
ρ̄ : Ã∗ → T (M × R) is the bundle map given bȳρ = ρ̃φ0 ◦ #

P̃
and [[, ]]¯ is the bracket on

Γ (Ã∗) defined by

[[ φ̃, ψ̃ ]]¯ = i#
P̃
(φ̃)d̃

φ0ψ̃ − i#
P̃
(ψ̃)d̃

φ0φ̃ + d̃φ0(P̃ (φ̃, ψ̃)) for φ̃, ψ̃ ∈ Γ (Ã∗),

whered̃φ0 is the differential of the Lie algebroid(Ã, [[ , ]]˜φ0, ρ̃φ0).
Now, if [[ , ]]˜∗P denotes the natural extension of the bracket [[, ]]∗P to Γ (Ã∗), we will

prove that

[[ φ̃, ψ̃ ]]ˆX0
∗P = e−t

(
[[ φ̃, ψ̃ ]]˜∗P +φ̃(X0)

(
∂ψ̃

∂t
−ψ̃

)
−ψ̃(X0)

(
∂φ̃

∂t
− φ̃

))
= [[ φ̃, ψ̃ ]]¯.

(4.4)

If d̃ is the differential of the Lie algebroid(Ã, [[ , ]]˜, ρ̃) (see Appendix B) then, from (4.3)
and (A.2) and the definition ofX0, we have that

[[ φ̃, ψ̃ ]]ˆX0
∗P = e−t

(
i#P (φ̃)d̃ψ̃ − i#P (ψ̃)d̃φ̃ + d̃(P (φ̃, ψ̃))

+P(ψ̃, φ̃)φ0 + (i#P (φ̃)φ0)
∂ψ̃

∂t
− (i#P (ψ̃)φ0)

∂φ̃

∂t

)
.
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Using the fact that∂/∂t (P (φ̃, ψ̃)) = i#P (φ̃)(∂ψ̃/∂t) − i#P (ψ̃)(∂φ̃/∂t), we obtain that

[[ φ̃, ψ̃ ]]ˆX0
∗P = e−t

(
i#P (φ̃)

(
d̃ψ̃ + φ0 ∧ ∂ψ̃

∂t

)
− i#P (ψ̃)

(
d̃φ̃ + φ̃0 ∧ ∂φ̃

∂t

)

+ d̃(P (φ̃, ψ̃)) − (P (φ̃, ψ̃))φ0 + ∂

∂t
(P (φ̃, ψ̃))φ0

)
.

Thus, from (B.3), we deduce (4.4).
On the other hand, using (B.1) and (B.2), it follows that

ρ̄(φ̃) = e−t

(
ρ̃∗P (φ̃) + X0(φ̃)

∂

∂t

)
= ρ̂∗P X0(φ̃)

for φ̃ ∈ Γ (Ã∗), whereρ̃∗P is the natural extension toΓ (Ã∗) of ρ∗P . Therefore, from
Proposition B.2, we prove (1) and (2).

Now, if we consider oñA (resp.Ã∗) the Lie algebroid structure([[ , ]]˜φ0, ρ̃φ0) (resp.([[ , ]]ˆX0
∗P ,

ρ̂∗P X0)) then the pair(Ã, Ã∗) is a Lie bialgebroid (see [25]). Consequently, using Theorem
3.10, we conclude that((A, φ0), (A

∗, X0)) is a generalized Lie bialgebroid. �

Let (A, [[ , ]] , ρ) be a Lie algebroid andφ0 ∈ Γ (A∗) a 1-cocycle. Suppose that([[ , ]]∗, ρ∗)
is a Lie algebroid structure onA∗ and thatX0 ∈ Γ (A) is a 1-cocycle. Moreover, assume
that((A, φ0), (A

∗, X0)) is a generalized Lie bialgebroid. Then, the pair((A, φ0), (A
∗, X0))

is said to be atriangular generalized Lie bialgebroidif there existsP ∈ Γ (∧2A) such that
[[P,P ]]φ0 = 0 and

[[ , ]]∗ = [[ , ]]∗P , ρ∗ = ρ∗P
, X0 = −#P (φ0).

Note that a triangular generalized Lie bialgebroid((A, φ0), (A
∗, X0)) such thatφ0 = 0 is

just a triangular Lie bialgebroid(see [25]). On the other hand, if(M,Λ,E) is a Jacobi
manifold then, using (4.1) and (4.2), we deduce that the pair((TM × R, (0,1)), (T ∗M ×
R, (−E,0))) is a triangular generalized Lie bialgebroid.

5. Generalized Lie bialgebras

In this section, we will study generalized Lie bialgebroids over a point.

Definition 5.1. A generalized Lie bialgebra is a generalized Lie bialgebroid over a point,
that is, a pair((g, φ0), (g

∗, X0)), where(g, [, ]g) is a real Lie algebra of finite dimension
such that the dual spaceg∗ is also a Lie algebra with Lie bracket [, ]g

∗
, X0 ∈ g andφ0 ∈ g∗

are 1-cocycles ong∗ andg, respectively, and

d∗X0[X, Y ]g = [X,d∗X0Y ]gφ0
− [Y,d∗X0X]gφ0

, (5.1)

φ0(X0) = 0, (5.2)

iφ0(d∗X) + [X0, X]g = 0 (5.3)

for all X, Y ∈ g, d∗ being the differential on(g∗, [, ]g
∗
).
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Remark 5.2. In the particular case whenφ0 = 0 andX0 = 0, we recover the concept of a
Lie bialgebra, that is, a dual pair(g, g∗) of Lie algebras such that d∗[X, Y ]g = [X,d∗Y ]g−
[Y,d∗X]g for X, Y ∈ g (see [5]).

Next, we give different methods to obtain generalized Lie bialgebras.

Proposition 5.3. Let (h, [, ]h) be a Lie algebra, r ∈ ∧2h andX̄0 ∈ h such that

[r, r]h − 2X̄0 ∧ r = 0, [X̄0, r]h = 0. (5.4)

Then, ifg = h× R, the pair((g, (0,1)), (g∗, (−X̄0,0))) is a generalized Lie bialgebra.

Proof. Consider ong the Lie bracket [, ]g given by

[(X, λ), (Y, µ)]g = ([X, Y ]h,0) (5.5)

for (X, λ), (Y, µ) ∈ g. One easily follows thatφ0 = (0,1) ∈ h∗ × R ∼= g∗ is a 1-cocycle.
On the other hand, the space∧2g = ∧2(h×R) can be identified with the product∧2h× h
(see (1.2)) and, using (1.3), (5.4) and (5.5) and Theorem A.3, we have thatP = (r, X̄0) ∈
∧2h× h ∼= ∧2g satisfies [P,P ]gφ0

= 0.
Therefore, from Theorem 4.1, we deduce that there exists a Lie bracket ong∗ and the

pair ((g, (0,1)), (g∗,−#P (0,1))) is a generalized Lie bialgebra. Moreover, we have that
#P (0,1) = (X̄0,0) (see (1.1) and (1.3)). �

Remark 5.4.

1. Note that this method of finding generalized Lie bialgebras is related to find algebraic
Jacobi structures.

2. Using (1.2), (1.3) and (4.3) it follows that the Lie bracket [, ]g
∗

ong∗ is given by

[(α, λ), (β, µ)]g
∗ = (coad#r (α)β − coad#r (β)α − iX̄0

(α ∧ β) − µ coadX̄0
α

+λ coadX̄0
β,−r(α, β)) (5.6)

for (α, λ), (β, µ) ∈ g∗, where coad :h× h∗ → h∗ is the coadjoint representation ofh
overh∗ defined by(coadXα)(Y ) = −α[X, Y ]h for X, Y ∈ h andα ∈ h∗.

Corollary 5.5. Let (h, [, ]h) be a Lie algebra andZ(h) the center ofh. If r ∈ ∧2h, X̄0 ∈
Z(h) and

[r, r]h − 2X̄0 ∧ r = 0,

then the pair((h,0), (h∗,−X̄0)) is a generalized Lie bialgebra.

Proof. Using Proposition 5.3, we have that((g = h×R, (0,1)), (g∗ = h∗ ×R, (−X̄0,0)))
is a generalized Lie bialgebra. Furthermore, from (5.6) and sinceX̄0 ∈ Z(h), we deduce
that the Lie bracket ong∗ is given by

[(α, λ), (β, µ)]g
∗ = (coad#r (α)β − coad#r (β)α − iX̄0

(α ∧ β),−r(α, β)) (5.7)
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for (α, λ), (β, µ) ∈ g∗. Thenh andh∗ are Lie algebras, where the Lie bracket onh∗ is
defined by

[α, β]h
∗ = coad#r (α)β − coad#r (β)α − iX̄0

(α ∧ β) (5.8)

for α, β ∈ h∗. Moreover, using (5.5), (5.7) and (5.8) and the fact that((g, (0,1)),
(g∗, (−X̄0,0))) is a generalized Lie bialgebra, we conclude that((h,0), (h∗,−X̄0)) is
a generalized Lie bialgebra. �

Remark 5.6. From (5.8) and Corollary 5.5, we deduce a well-known result (see [5]): if
(h, [, ]h) is a Lie algebra,r ∈ ∧2h is a solution of the classical Yang–Baxter equation (that
is, [r, r]h = 0) and onh∗ we consider the bracket defined by

[α, β]h
∗ = coad#r (α)β − coad#r (β)α for α, β ∈ h∗,

then the pair(h, h∗) is a Lie bialgebra.

Examples 5.7.

1. Let(h, [, ]h)be the Lie algebra of the Heisenberg groupH(1,1). Then,h = 〈{e1, e2, e3}〉
and

[e1, e2]h = e3, e3 ∈ Z(h).

If we taker = e1 ∧ e2 andX̄0 = −e3, we have that [r, r]h − 2X̄0 ∧ r = 0 and thus,
using Corollary 5.5, we conclude that((h,0), (h∗, e3)) is a generalized Lie bialgebra.
Note thatr andX̄0 induce the canonical left-invariant contact structure ofH(1,1).

2. Denote byh = su(2) = {A ∈ gl(2,C)/ĀT = −A, traceA = 0} the Lie algebra of the
special unitary groupSU(2) and byσ1, σ2 andσ3 the Pauli matrices

σ1 =
(

0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
.

Then, the matrices{e1 = 1
2iσ1, e2 = 1

2iσ2, e3 = 1
2iσ3} form a basis ofh = su(2) and if

[, ]h is the Lie bracket onh, we have that

[e1, e2]h = −e3, [e1, e3]h = e2, [e2, e3]h = −e1.

Sincer = e1 ∧ e2 andX̄0 = e3 satisfy equations (5.4),((su(2) × R, (0,1)), (su(2)∗ ×
R, (−X̄0,0))) is a generalized Lie bialgebra. Note that if [, ]su(2)×R is the Lie bracket
on su(2) × R then, from (5.5), it follows that(su(2) × R, [, ]su(2)×R) is just the Lie
algebra of the unitary groupU(2). Moreover,r andX̄0 induce a left-invariant contact
structure onSU(2).

3. LetGl(2,R) be the general linear group andh = gl(2,R) its Lie algebra. A basis ofh
is given by the following matrices:

e1 =
(

0 1

0 0

)
, e2 =

(
0 0

1 0

)
, e3 =

(
1 0

0 −1

)
, e4 =

(
1 0

0 1

)
.
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If [ , ]h is the Lie bracket onh, we have that

[e1, e2]h = e3, [e1, e3]h = −2e1, [e2, e3]h = 2e2, e4 ∈ Z(h).

Therefore, ifr = e1 ∧ e3 + (e1 − 1
2e3) ∧ e4 andX̄0 = −e4, we deduce that

[r, r]h − 2X̄0 ∧ r = 0.

Consequently,((h,0), (h∗,−X̄0)) is a generalized Lie bialgebra (see Corollary 5.5).
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Appendix A. Differential calculus on Lie algebroids in the presence of a 1-cocycle

Let (A, [[ , ]] , ρ) be a Lie algebroid overM and φ0 ∈ Γ (A∗) be a 1-cocycle in the
Lie algebroid cohomology complex with trivial coefficients. Using (2.1), we can define a
representationρφ0 of A on the trivial vector bundleM × R→ M given by

ρφ0(X)f = ρ(X)(f ) + φ0(X)f (A.1)

for X ∈ Γ (A) andf ∈ C∞(M,R). Thus, one can consider the standard cohomology com-
plex associated with the vector bundleM ×R→ M and the representationρφ0 (see [24]).
The cohomology operator dφ0 : Γ (∧kA∗) → Γ (∧k+1A∗) of this complex will be called
theφ0-differentialof A. If d is the differential of the Lie algebroid(A, [[ , ]] , ρ) then we have

dφ0ω = dω + φ0 ∧ ω for ω ∈ Γ (∧kA∗). (A.2)

Remark A.1. If φ0 is a closed 1-form on a manifoldM thenφ0 is a 1-cocycle for the trivial
Lie algebroid(TM, [, ], Id) and we can consider the operator dφ0. Some results about the
cohomology defined by dφ0 were obtained in [9,18,29]. These results were used in the study
of locally conformal Kähler and l.c.s. structures.

If k ≥ 0 andX ∈ Γ (A), we can also define the Lie derivative (associated with the rep-
resentationρφ0) with respect toX, (Lφ0)X : Γ (∧kA∗) → Γ (∧kA∗), as follows (see [24]):

(Lφ0)X = dφ0 ◦ iX + iX ◦ dφ0, (A.3)

whereiX is the usual contraction byX. It is called theφ0-Lie derivativewith respect toX.
A direct computation proves that

(Lφ0)Xω = LXω + φ0(X)ω, (A.4)

L being the usual Lie derivative of the Lie algebroid(A, [[ , ]] , ρ).
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Remark A.2.

1. If we consider the Lie algebroid(TM × R, [, ], π) (see Section 2.2), using (2.5), we
deduce thatφ0 = (0,1) ∈ Ω1(M) × C∞(M,R) ∼= Γ (T ∗M × R) is a 1-cocycle.
Thus, we have the corresponding representationπ(0,1) of TM × R on the vector bundle
M × R→ M which, in this case, is defined by

π(0,1)((X, f ), g) = X(g) + fg (A.5)

for (X, f ) ∈ X(M) × C∞(M,R) andg ∈ C∞(M,R). From (1.2), (2.5) and (A.2), we
obtain that theφ0-differential δ̃φ0 = δ̃(0,1) is given by

δ̃(0,1)(α, β) = (δα, α − δβ) (A.6)

for (α, β) ∈ Ωk(M) ⊕ Ωk−1(M) ∼= Γ (∧k(T ∗M × R)).
2. Let(A, [[ , ]] , ρ) be a Lie algebroid overM andφ0 ∈ Γ (A∗) be a 1-cocycle. The homo-

morphism ofC∞(M,R)-modules(ρ, φ0) : Γ (A) → X(M) × C∞(M,R) given by

X �→ (ρ(X), φ0(X)) (A.7)

induces a Lie algebroid homomorphism over the identity between the Lie algebroids
(A, [[ , ]] , ρ) and (TM × R, [, ], π). Moreover, if (ρ, φ0)

∗ : Ω1(M) × C∞(M,R) →
Γ (A∗) is the adjoint homomorphism of(ρ, φ0), then(ρ, φ0)

∗(0,1) = φ0. As a conse-
quence, forf ∈ C∞(M,R),

(ρ, φ0)
∗(δf, f ) = (ρ, φ0)

∗(δ̃(0,1)f ) = dφ0f, (ρ, φ0)
∗(δf,0) = df. (A.8)

In [1], a skew-symmetric Schouten bracket was defined for two multilinear maps of a com-
mutative associative algebraF overRwith unit as follows. LetP andP ′ be skew-symmetric
multilinear maps of degreek andk′, respectively, andf1, . . . , fk+k′−1 ∈ F. If A is any
subset of{1,2, . . . , (k + k′ − 1)}, let A′ denote its complement and|A| the number of
elements inA. If |A| = l and the elements inA are{i1, . . . , il} in increasing order, let us
write fA for the orderedk-uple(fi1, . . . , fil ). Furthermore, we writeεA for the sign of the
permutation which rearranges the elements of the ordered(k + k′ − 1)-uple(A′, A), in the
original order. Then, the Schouten bracket ofP andP ′, [P,P ′](0,1), is the skew-symmetric
multilinear map of degreek + k′ − 1 given by

[P,P ′](0,1)(f1, . . . , fk+k′−1)

=
∑

|A|=k′
εAP(P

′(fA), fA′) + (−1)kk′
∑

|B|=k

εBP
′(P(fB), fB ′).

One can prove that ifP andP ′ are first-order differential operators on each of its arguments,
so is [P,P ′](0,1). In particular, ifM is a differentiable manifold andF = C∞(M,R), we
know that ak-linear skew-symmetric first-order differential operator can be identified with
a k-section ofTM × R → M. Under this identification, an easy computation, using (1.3)
and (2.6), shows that

[(P,Q), (P ′,Q′)](0,1) = [(P,Q), (P ′,Q′)] + (−1)k+1(k − 1)(P,Q)

∧(i(0,1)(P
′,Q′))−(k′−1)(i(0,1)(P ,Q)) ∧ (P ′,Q′) (A.9)



196 D. Iglesias, J.C. Marrero / Journal of Geometry and Physics 40 (2001) 176–199

for (P,Q) ∈ Vk(M) ⊕ Vk−1(M) and(P ′,Q′) ∈ Vk′
(M) ⊕ Vk′−1(M), where [, ] is the

Schouten bracket of the Lie algebroid(TM × R, [, ], π).
Suggested by (A.9), we prove the following result.

Theorem A.3. Let(A, [[ , ]] , ρ) be a Lie algebroid andφ0 ∈ Γ (A∗) a 1-cocycle. Then, there
exists a unique operation[[ , ]]φ0 : Γ (∧kA) × Γ (∧k′

A) → Γ (∧k+k′−1A) such that

[[X, f ]]φ0 = ρφ0(X)(f ), [[X, Y ]]φ0 = [[X, Y ]] , (A.10)

[[P,P ′]]φ0 = (−1)kk′ [[P ′, P ]]φ0, (A.11)

[[P,P ′ ∧ P ′′]]φ0 = [[P,P ′]]φ0 ∧ P ′′ + (−1)k
′(k+1)P ′ ∧ [[P,P ′′]]φ0

−(iφ0P) ∧ P ′ ∧ P ′′ (A.12)

for f ∈ C∞(M,R), X, Y ∈ Γ (A), P ∈ Γ (∧kA), P ′ ∈ Γ (∧k′
A) andP ′′ ∈ Γ (∧k′′

A).
This operation is given by the general formula

[[P,P ′]]φ0 = [[P,P ′]] + (−1)k+1(k − 1)P ∧ (iφ0P
′) − (k′ − 1)(iφ0P) ∧ P ′.

(A.13)

Furthermore, it satisfies the graded Jacobi identity

(−1)kk′′ [[[[ P,P ′]]φ0, P
′′]]φ0 + (−1)k

′k′′
[[[[ P ′′, P ]]φ0, P

′]]φ0

+(−1)kk′ [[[[ P ′, P ′′]]φ0, P ]]φ0 = 0. (A.14)

Proof. We define the operation [[, ]]φ0 : Γ (∧kA) × Γ (∧k′
A) → Γ (∧k+k′−1A) by (A.13).

Using (A.13) and properties of the Schouten bracket of multi-sections ofA, we deduce
(A.10)–(A.12). To prove the graded Jacobi identitity (A.14), we proceed by induction onk

using the properties of the Schouten bracket and the fact thatiφ0([[ P̄ , P̄ ′]]) = −[[ iφ0P̄ , P̄ ′]]+
(−1)k̄+1[[ P̄ , iφ0P̄

′]] for P̄ ∈ Γ (∧k̄A) andP̄ ′ ∈ Γ (∧k̄′
A). �

The operation [[, ]]φ0 is called theφ0-Schouten bracketof (A, [[ , ]] , ρ). Now, if X ∈ Γ (A)

andP ∈ Γ (∧kA), we can define theφ0-Lie derivativeof P by X as follows:

(Lφ0)X(P ) = [[X,P ]]φ0. (A.15)

Using (A.4), (A.13) and (A.15) and relation (15) in [25], we obtain that

(Lφ0)X(iωP ) = iP ((Lφ0)Xω) + iω((Lφ0)XP ) + (k − 1)φ0(X)iωP (A.16)

for ω ∈ Γ (∧kA∗), P ∈ Γ (∧kA) andX ∈ Γ (A).

Appendix B. Time-dependent sections of a Lie algebroid

Let(A, [[ , ]] , ρ)be a Lie algebroid overM,φ0 ∈ Γ (A∗)be a 1-cocycle andπ1 : M×R→
M be the canonical projection over the first factor. We consider the map· : Γ (A) × C∞
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(M × R,R) → C∞(M × R,R) given by

X · f̃ = ρ(X)(f̃ ) + φ0(X)
∂f̃

∂t
.

It is easy to prove that· is an action ofA onM ×R in the sense of [10] (see Definition 2.3
in [10]). Thus, ifπ∗

1A is the pull-back ofA overπ1 then the vector bundleπ∗
1A → M ×R

admits a Lie algebroid structure([[ , ]]˜φ0, ρ̃φ0) (see Theorem 2.4 in [10]). For the sake of
simplicity, when the 1-cocycleφ0 is zero, we will denote by([[ , ]]˜, ρ̃) the resultant Lie
algebroid structure onπ∗

1A → M × R. On the other hand, it is clear that the vector
bundlesπ∗

1A → M × R andÃ = A × R→ M × R are isomorphic and that the space of
sectionsΓ (Ã) of Ã → M × R can be identified with the set of time-dependent sections
of A → M. Under this identification, we have that [[X̃, Ỹ ]]˜(x, t) = [[X̃t , Ỹt ]](x) and that
ρ̃(X̃)(x, t) = ρ(X̃t )(x) for X̃, Ỹ ∈ Γ (Ã) and(x, t) ∈ M × R (see [10]). In addition,

[[X̃, Ỹ ]]˜φ0 = [[X̃, Ỹ ]]˜ + φ0(X̃)
∂Ỹ

∂t
− φ0(Ỹ )

∂X̃

∂t
, ρ̃φ0(X̃) = ρ̃(X̃) + φ0(X̃)

∂

∂t
,

(B.1)

where(∂X̃/∂t) ∈ Γ (Ã) denotes the derivative of̃X with respect to the time.

Remark B.1. Note that if [[, ]] is a bracket on the spaceΓ (A), ρ : Γ (A) → X(M) is a
homomorphism ofC∞(M,R)-modules andφ0 is a section of the dual bundleA∗ then we can
consider the bracket [[, ]]˜φ0 onΓ (Ã) and the homomorphism ofC∞(M × R,R)-modules
ρ̃φ0 : Γ (Ã) → X(M × R) given by (B.1). Moreover, if the triple(Ã, [[ , ]]˜φ0, ρ̃φ0) is a
Lie algebroid overM × R, it is easy to prove that([[ , ]] , ρ) is a Lie algebroid structure on
A → M and thatφ0 is a 1-cocycle.

Now, let Ψ : Ã → Ã be the isomorphism of vector bundles over the identity defined
by Ψ (v, t) = (et v, t) for (v, t) ∈ A × R = Ã. UsingΨ and the Lie algebroid struc-
ture ([[ , ]]˜φ0, ρ̃φ0), one can introduce a new Lie algebroid structure([[ , ]]ˆφ0, ρ̂φ0) on the
vector bundleÃ → M × R in such a way that the Lie algebroids(Ã, [[ , ]]˜φ0, ρ̃φ0) and
(Ã, [[ , ]]ˆφ0, ρ̂φ0) are isomorphic. We have that

[[X̃, Ỹ ]]ˆφ0 = e−t

(
[[X̃, Ỹ ]]˜ + φ0(X̃)

(
∂Ỹ

∂t
− Ỹ

)
− φ0(Ỹ )

(
∂X̃

∂t
− X̃

))
,

ρ̂φ0(X̃) = e−t

(
ρ̃(X̃) + φ0(X̃)

∂

∂t

)
(B.2)

for all X̃, Ỹ ∈ Γ (Ã) (this Lie algebroid structure was considered in [12]).
In conclusion, we have proved the following.

Proposition B.2. LetA → M be a vector bundle over a manifold M. Suppose that[[ , ]] :
Γ (A) × Γ (A) → Γ (A) is a bracket on the spaceΓ (A), that ρ : Γ (A) → X(M) is a
homomorphism ofC∞(M,R)-modules and thatφ0 is a section of the dual bundleA∗. If
[[ , ]]˜φ0 : Γ (Ã) × Γ (Ã) → Γ (Ã) and ρ̃φ0 : Γ (Ã) → X(M × R) (respectively, [[, ]]ˆφ0 :
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Γ (Ã) × Γ (Ã) → Γ (Ã) and ρ̂φ0 : Γ (Ã) → X(M × R)) are the bracket onΓ (Ã) and the
homomorphism ofC∞(M × R,R)-modules given by(B.1) (respectively, (B.2)) then the
following conditions are equivalent:

1. The triple(A, [[ , ]] , ρ) is a Lie algebroid andφ0 is a 1-cocycle.
2. The triple(Ã, [[ , ]]ˆφ0, ρ̂φ0) is a Lie algebroid.
3. The triple(Ã, [[ , ]]˜φ0, ρ̃φ0) is a Lie algebroid.

Remark B.3. Let (A, [[ , ]] , ρ) be a Lie algebroid overM andφ0 ∈ Γ (A∗) a 1-cocycle. If̃d
(resp.d̃φ0 andd̂φ0) is the differential of the Lie algebroid(Ã, [[ , ]]˜, ρ̃) (resp.(Ã, [[ , ]]˜φ0, ρ̃φ0)

and(Ã, [[ , ]]ˆφ0, ρ̂φ0)) and [[, ]]˜φ0 is the Schouten bracket of the Lie algebroid(Ã, [[ , ]]˜φ0, ρ̃φ0)

then

d̃φ0f̃ = d̃f̃ + ∂f̃

∂t
φ0, d̃φ0φ̃ = d̃φ̃ + φ0 ∧ ∂φ̃

∂t
, (B.3)

d̂φ0f̃ = e−t

(
d̃f̃ + ∂f̃

∂t
φ0

)
, d̂φ0φ̃ = e−t

(
d̃φ0φ̃ + φ0 ∧ ∂φ̃

∂t

)
, (B.4)

[[X̃, P̃ ]]˜φ0 = [[X̃, P̃ ]]˜φ0
+ φ0(X̃)

(
P̃ + ∂P̃

∂t

)
− ∂X̃

∂t
∧ iφ0P̃ (B.5)

for f̃ ∈ C∞(M × R,R), φ̃ ∈ Γ (Ã∗) = Γ (A∗ × R), X̃ ∈ Γ (Ã) andP̃ ∈ Γ (∧2Ã).
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